Abstract-We perform a theoretical analysis of the secondorder in-plane acceleration sensitivity of a Y-cut quartz thickness-shear mode resonator. The second-order nonlinear theory of elasticity for anisotropic crystals is used to determine the biasing fields in the resonator under in-plane acceleration. The acceleration-induced frequency shift is determined from a perturbation analysis based on the plate equations for small-amplitude vibrations superposed on a finite bias. We show that, whereas the first-order acceleration-induced frequency shift is zero for a structurally symmetric resonator under in-plane acceleration, the second-order frequency shift is nonzero and is quadratic in the acceleration. As the fourth-order nonlinear elastic constants of quartz have never been measured, we can only estimate the magnitude of the second-order frequency shift. For a particular case of interest, we find ∆ω ω / 0 ~ 10 , when the acceleration is 1, 10, and 100 g, respectively.
I. Introduction C rystal resonators are essential components in modern military electronic systems used for surveillance, communication, and navigation in both airborne and vehicular applications. The performance of such systems often is bounded by limits imposed by the frequency stability of the crystal resonators used in critical reference circuits. For applications on mobile platforms such as helicopters, missiles, and satellites, any accelerations of the platform are transferred to the crystal resonators via their mounting structures and the forces involved induce initial (or biasing) deformations in the resonators that cause their resonant frequencies to shift [1] , [2] . This phenomenon is known as resonator acceleration sensitivity, and it has remained an important research topic for many years. Wellknown theoretical analyses were performed beginning in the late 1970s by Lee and coworkers [3] [4] [5] and continuing into the early 1990s by Tiersten and coworkers [6] [7] [8] [9] . During this period a benchmark review of the phenomenology was published by Filler [10] followed by a pair of papers from Kosinski and coworkers providing detailed guidance for low acceleration sensitivity resonator design [11] , [12] . Reported experimental results for the in-plane acceleration sensitivities of BAW and SAW quartz resonators and Y-cut langasite BAW resonators are listed in Table I . The results cover a variety of device types and mounting structures and the observed in-plane acceleration sensitivities range from values on the order of 10 −9 /g for the oldest results down to on the order of 10 −12 /g for the most recent results. This reflects both progress in understanding the structural mechanics nature of the problem and the creativity of designers in subsequently addressing the problem through improved mounting and isolation structures and the addition of electronic compensation circuits. Note that in virtually all cases, the listed in-plane acceleration sensitivities are substantially smaller than the corresponding normal acceleration sensitivities [13] - [35] .
The basic effects of external accelerations on resonator frequencies can be described using a perturbation integral formulation [36] derived by Tiersten from the theory of small fields superposed on a bias in a crystal resonator [37] . This approach has been widely used to calculate acceleration-induced frequency shifts in various types of bulk acoustic wave and surface acoustic wave resonators. However, almost all of these theoretical results use only the first-order perturbation, which was assumed to be sufficient for the case of small accelerations on the order of 1 g. Not surprisingly, analyses using the firstorder perturbation obtain a linear relationship between the acceleration and the resonator frequency shift. Of note, for perfectly symmetric resonators analyzed using thin-plate theory presuming an invariant plate thickness, the acceleration-induced frequency shift calculated using the first-order perturbation is zero for both normal and in-plane accelerations. This seemingly favorable result of "inherently zero" is mathematically correct but misleading because it arises only from the presumption of an invariant plate thickness that cannot be achieved in practice as the ever-present but nonlinear Poisson's effect is not considered. Present design and manufacturing capability can produce a limited yield of resonators with resonator-level acceleration sensitivity as small as 10 −11 /g with 10 −10 /g more typical. Over the past decade, the integration of active compensation schemes into oscillator electronics has yielded producible oscillator-level acceleration sensitivity as low as 10 −12 /g. It remains of interest to achieve such performance at the resonator level without the need for compensation electronics. Resonators employed in military applications may experience acceleration levels on the order of hundreds of g. Experimental data obtained for resonator frequency shifts under large acceleration exhibit a nonlinear dependence on the acceleration level [38] , and the case of large external acceleration clearly requires a higher-order perturbation analysis. Such is also true for the case of small external accelerations applied to symmetric structures where the magnitudes of any first-order perturbations are expected to be at or near zero. For example, it has been shown that, for the normal acceleration sensitivity of perfectly symmetric resonators, although the first-order effects of the acceleration do not produce any frequency shift, the second-order effects of the acceleration result in a nonzero lower bound on the normal acceleration sensitivity [39] [40] [41] [42] on the order of 10 −11 /g. Therefore, analyses aimed at guiding the reduction of acceleration sensitivity to the level of 10 −12 /g must necessarily include second-order effects.
Proper calculation of higher-order perturbations is contingent upon knowledge of complete sets of higher-order material constants through the fourth order. Whereas the fourth-order effective elastic stiffness c 6666 has been reported for the AT-cut [43] [44] [45] [46] , complete sets of fundamental fourth-order material constants are not available [47] , and as a result it is only possible to estimate the order of magnitude of the effects. We note that, in general, the gross magnitudes of the elastic constants grow by one order of magnitude as the rank increases [c(3) ~10 c(2), and c(4) ~100 c(2)]. Although there are some estimates of the second-order normal acceleration sensitivity of crystal resonators [39] [40] [41] [42] , there are no reported theoretical results on the second-order in-plane acceleration sensitivity. In this paper we try to estimate this effect through a theoretical analysis. In particular, we are concerned with whether the second-order in-plane acceleration sensitivity of a perfectly symmetric resonator is zero or not, and if not, determining its order of magnitude.
II. Nonlinear Extension of a Resonator Under
In-Plane Acceleration
In this section we obtain the nonlinear extension of a quartz plate resonator under in-plane acceleration including second-order effects. To capture the second-order effects of the acceleration-induced biasing fields, we need the nonlinear theory for electroelastic solids as in [48] . Quartz has very weak piezoelectric coupling. For the frequency analysis, we neglect the small piezoelectric coupling included in [48] ; [48] in fact also includes third-order nonlinear effects that are not needed for the purpose of the present paper limited to second-order effects. Let the [35] deformation of the body be described by
, where y i and X L denote the present and reference coordinates of material points. δ jM is the Kronecker delta. Our notation here differs from [48] in that we use a capital U L for the displacement vector because the lowercase u needs to be saved for later use in the equations from another important reference [49] of the present paper. The equations of motion are [48] 
where ρ 0 is the mass density, f j is the body force, K Lk is the first Piola-Kirchhoff stress tensor, and U j = δ jL U L . A superimposed dot represents time derivative. For a theory including all second-order effects of the displacement gra
where c ABCD and c ABCDEF are the second-and third-order elastic constants, and we have denoted K LM = K Lj δ jM , which is asymmetric in general. Consider the plate in Fig. 1 with a normal along X 2 . The plate is assumed to be thin, for which we have the following stress relaxation [50] :
or, with the use of (2), We need to solve (4) for U 2,1 , U 2,2 , U 2,3 . They are present in both of the linear and nonlinear terms of (4). We solve (4) approximately by an iteration procedure [51] . As the first step of the iteration, we solve the linear part of (4) for U 2,1 , U 2,2 , U 2,3 . We then substitute the linear solutions of U 2,1 , U 2,2 , U 2,3 into the nonlinear terms in (4) and solve the resulting equations again for U 2,1 , U 2,2 , U 2,3 as the second iteration. The solutions of U 2,1 , U 2,2 , U 2,3 from the second iteration are then substituted into the expressions for K 11 , K 13 , K 31 , and K 33 in (2). The resulting expressions for K 11 , K 13 , K 31 , and K 33 do not depend on U 2,1 , U 2,2 , U 2,3 and are ready to be used for describing the extension of thin plates. For extension, following the notation of [49] , we approximate the displacement field by
which yields the following expressions for the remaining components of the displacement gradient:
The equations for extension to be developed are two-dimensional equations governing (5) is eliminated from the stress relaxation procedure discussed above. The equations of motion for extension are obtained by integrating (1) for j = 1 and 3 through the plate thickness:
where the plate resultants for extensional motions are defined by
which depends on U 1 0 ( ) and U 3 0 ( ) only. Substitution of (8) into (7) gives the two equations for U 1 0 ( ) and U 3 0 ( ) describing extension.
For an estimate of the in-plane acceleration sensitivity of the plate in Fig. 1 , it is sufficient to consider the onedimensional case without dependence on X 3 , and U 3 0 ( ) = 0. We have the following boundary-value problem for the extensional deformation due to the in-plane acceleration a 1 in Fig. 1 :
, ,
where the relevant extensional resultant is given by dure based on the linear solution of (9) 1 , an approximate solution to (9) 1 quadratically nonlinear in a 1 is found to be 
where E and F are integration constants determined by the boundary conditions in (9) 2 . When β 2 = 0 and E = 0, (11) reduces to the linear solution. For some insight, an approximate expression for E accurate to the second-order of a 1 can be found from an iteration procedure as
which is a pure second-order effect without a term linear in a 1 . Then the a 1 E and E 2 terms in (11) are in fact negligible.
In Fig. 2(a) we plot the distribution of U 1,1 along X 1 for different values of in-plane acceleration a 1 directed along the X 1 -axis. A Y-cut quartz resonator is assumed because the second-and third-order elastic constants are directly available. Physically U 1,1 is related to the extensional strain along X 1 . In the figure, a larger acceleration produces a larger strain distribution as expected. Due to the symmetry of the plate in X 1 and the in-plane acceleration which is effectively an antisymmetric load, the linear solution for U 1,1 is exactly a straight line odd in X 1 , describing the fact that the right half of the plate is in tension with a positive U 1,1 and the left half is in compression with a negative U 1,1 . However, a magnification of Fig. 2(a) near the origin as seen in Fig. 2(b) shows that the curves do not pass through the origin as would be the case for the corresponding first-order (linear) solution. In other words, the nonlinear solution does not possess the symmetry or antisymmetry of the corresponding linear solution. Similarly, Fig. 3 shows the distribution of U 2,2 along X 1 for different values of a 1 , which is determined from the stress relaxation conditions. When the right half of the plate is in extension, it becomes thinner as represented by a negative U 2,2 in the figure due to the well-known Poisson's effect. Again the curves do not go through the origin, indicating a loss of symmetry. This loss of symmetry or antisymmetry has important implications for the second-order resonator frequency shift to be calculated in the next section.
III. Second-Order In-Plane Acceleration Sensitivity
With the acceleration-induced biasing deformation determined in the previous section, we are ready to study the crystal plate in thickness-shear vibration superposed on the biasing extensional deformation. Let the thicknessshear motion be described by u 1 ≅ X u X t 
where [44] 
[( ) ( ) ],
Substituting (14) into (13) 
.
δ 1 through δ 4 are complicated functions of the second-and third-order elastic constants. We solve (15) with the boundary conditions in (13) 2 using a perturbation procedure. The zero-order problem of the procedure is when the acceleration and the biasing field U 1 0 ( ) = 0. We denote the frequency and mode in this case by ω 0 and u. They are governed by 2 3 2 2 3 0
, .
The eigenvalue problem in (17) has a series of solutions for its frequencies and the corresponding modes. For resonator applications, we are only interested in the following fundamental mode without any nodal points (zeros) along the X 1 axis:
where C is an arbitrary constant. For the first-order problem of the perturbation procedure we write
substitute them into (15) , neglect the products of the terms associated with Δ, make use of (17), and obtain the following equations governing Δω and Δu: To solve (20) for Δω, we multiply both sides of (20) 
which includes the second-order effects of the biasing fields through (16) . It can be seen from (21), (18), (16), and (11) that, for the linear effects of small accelerations, Δc 11 and Δc 66 are odd (linear) functions of X 1 whereas u 2 and ( )
are even functions of X 1 . Therefore the linear acceleration sensitivity for the symmetric resonator we are considering is zero, as expected. However, when second-order effects need to be considered, the loss of symmetry due to secondorder effects as shown in Figs. 2 and 3 makes the integration in the numerator of (21) nonzero.
In Fig. 4 we plot (21) for fixed L in (a) or fixed h in (b). For second-order effects, the curves are parabolic as expected. From the figure and the quadratic dependence of the frequency shift on the acceleration, the second-order frequency shift is roughly of the order of Δω/ω 0 = 10 −18 , 10 −16 , and 10 −14 when the acceleration is 1, 10, and 100 g, respectively. This is much smaller than the second-order normal acceleration sensitivity of the same device configuration which was estimated to be of the order of 10 −11 per g in [39] [40] [41] [42] . In the extreme case of guided cannon shells, which have the largest acceleration (2500 g) known to the authors, (21) gives a frequency shift of the order of 10 −12 which may be relevant.
In 1987, J. J. Gagnepain pointed out, "The nonlinear behavior of piezoelectric devices is described not only by the nonlinear fundamental constants, but rather by effective constants which involve 2nd order, 3rd order, and sometimes 4th order fundamental constants. This means that a crystal with zero nonlinear fundamental constants-irrealistic hypothesis-would still exhibit nonlinear properties" [47] . This point is illustrated in Fig. 5 where the second-order frequency shift is plotted for the same acceleration but while setting all third-order material constants to zero. The magnitude of the contribution to the frequency shift from the second-order constants is nearly half that of the contribution to the frequency shift from third-order constants.
Finally, we point out that, for a complete description of the second-order effects of biasing fields, a secondorder perturbation theory is needed [40] , [52] . However, the second-order frequency perturbation integral requires the fourth-order elastic constants, which at present are unavailable. Therefore, in this paper, we limit our goal to giving an estimate of the order of magnitude of the second-order effect of in-plane accelerations.
IV. Conclusion
An estimate of the second-order in-plane acceleration sensitivity of a Y-cut quartz resonator has been obtained. The acceleration-induced frequency shift depends quadratically on the acceleration and is nonzero for a structurally symmetric resonator. This imposes a nonzero lower bound on the in-plane acceleration sensitivity. For the device dimensions considered here, when the acceleration is 1, 10, and 100 g, the corresponding second-order frequency shift is of the order of Δω/ω 0 = 10 −18 , 10 −16 , and 10 −14 , respectively. These are smaller than the second-order normal acceleration sensitivity by a few orders of magnitude and are not of concern for the present technologies in general except in some extreme applications. In consequence, efforts on the reduction of second-order acceleration sensitivity should be directed toward reducing the second-order normal acceleration sensitivity. 
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